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ABSTRACT: We argue that gravity theories in AdS4 are holographically dual to either
of two three-dimensional CFT’s: the usual Dirichlet CFT; where the fixed graviton acts
as a source for the stress-energy tensor, and a dual CFTy with a fixed dual graviton
which acts as a source for a dual stress-energy tensor. The dual stress-energy tensor
is shown to be the Cotton tensor of the Dirichlet CFT. The two CFT’s are related by a
Legendre transformation generated by a gravitational Chern-Simons coupling. This duality
is a gravitational version of electric-magnetic duality valid at any radius r, where the
renormalized stress-energy tensor is the electric field and the Cotton tensor is the magnetic
field. Generic Robin boundary conditions lead to CFT’s coupled to Cotton gravity or
topologically massive gravity. Interaction terms with CFT; lead to a non-zero vev of the
stress-energy tensor in CFTy coupled to gravity even after the source is removed.
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1. Introduction

In AdS/CFT, the boundary conditions on the two independent modes of the graviton

with, respectively, slow and fast fall-off at infinity encode the (representative of the con-

formal class of) boundary metrics and the one-point function of the stress-energy tensor of



the CFT [i], f]]. For four-dimensional pure gravity, this is summarized in the holographic
relation: )
(T35 (@)) = o g @) (11)
167Gy 7\
that is, the third coefficient in the boundary expansion of the graviton g;;(r,z) is the
renormalized holographic stress-energy tensor (see notation in appendix [4]). The stress-
energy tensor should be seen here as a functional computed as the CFT response to the
background boundary metric g(q).
This result is obtained from the identification of the on-shell bulk action with the

generating functional of connected correlation functions in the CFT, leading to:

3Slaw) = (eom) + 5 [ d% /gy (T3 (o)) b5 () (12)

The bulk action, including boundary terms and counterterms, is given in appendix [Al. With
Dirichlet boundary conditions, this gives the definition of the renormalized stress-energy
tensor after sending the regulator to zero.

In the Neumann variational problem, the stress-energy tensor is fixed, in particular
equation ([[.9) sets it to zero. Mixed boundary conditions are obtained, in the case of
scalar fields, by adding boundary terms that correspond to multiple-trace deformations of
the CFT. For gravity, Neumann and mixed boundary conditions were not studied in the
past, except for brane-world scenarios [[J], for at least two reasons:

(1) The Neumann and mixed variational problems do not always lead to a consistent bulk
quantization scheme. This is due to the fact that generically the mode with fast fall-
off is normalizable whereas the mode with slow fall-off is non-normalizable. Therefore,
the latter must be fixed at the boundary, as in a Dirichlet boundary problem. Only
in special cases, such as scalar fields in the range of masses —% <m? < % + 1, or if
the theory has a cutoff, are the Neumann and mixed boundary conditions admissible.

(2) A Neumann variational problem would naively identify the metric as the dual oper-
ator, which does not make sense in a CFTj3. Indeed, if the quantity that is being
held fixed is the canonical momentum —the renormalized holographic stress-energy
tensor— rather than the asymptotic value of the metric, the former will act as a source
for the latter since they are coupled in the on-shell bulk action. However, a spin two
operator of dimension zero is below the unitarity bound. If the CFT is coupled to
gravity and the metric is integrated over, a non-zero expectation value would not
make sense at all, as a gravity theory does not have local operators.

At the linearized level, the resolution of the first problem has been known for some
time. Ishibashi and Wald showed four years ago [[I] that in four dimensions, both the
Dirichlet and the Neumann boundary conditions lead to a well-posed initial value problem
by showing that there is a suitable self-adjoint extension of a certain differential opera-
tor which plays the role of the Hamiltonian. This self-adjoint extension determines the
asymptotic boundary conditions, so the freedom in choosing self-adjoint extensions of this
operator corresponds to the freedom in choosing suitable boundary conditions at infinity.



Their analysis showed that in four dimensions, the self-adjoing extensions are such that
Dirichlet, Neumann boundary conditions as well as Robin boundary conditions are possi-
ble. In the latter case a linear combination of the leading and the subleading modes of the
graviton is held fixed.

In this paper we propose a solution to the second problem above, giving the correct
holographic interpretation of the Neumann and mixed problems. The key question we will
address is: what are the observables of the dual theory? Here, it is useful to first recall the
scalar field case in the special range of masses mentioned above, where duality interchanges
sources in CFT with one-point functions in CFT5, and viceversa. Concretely, for Dirichlet
quantization the mode ¢, with fast fall-off corresponds to the dual operator (O(a,)) of
dimension A, whereas the slow mode is a fixed source ¢_ = J. In the second quantization
scheme, these roles are interchanged and ¢_ corresponds to the one-point function of an
operator of dimension A_ whereas ¢ is held fixed. Deforming the CFT by a multiple-trace
operator, one can flow towards the Dirichlet CFT [f, f.

For gravity, the picture is more involved. Generically, the energy-momentum tensor
does not depend on the boundary graviton. However, its expectation value does depend on
it. This can be seen from the bulk via the regularity condition. Now in three dimensions
one may classically associate to a given stress-energy tensor a graviton, constructed through
the Cotton tensor. Suppose we have CFT; with fixed linearized graviton h;; and stress-
energy tensor (7;;). In three dimensions, given h;j, we can map it to a conserved, traceless
object of dimension 3, via the three-dimensional Cotton tensor (see appendix [C.J):

(Ty) = Ciilh] (13)

On the other hand, given (T;;) we derive from it, up to zero modes, a transverse, traceless
tensor h;; of dimension zero:

~ 4e
hij = =3 Ci ((T)) (1.4)
where from now on ¢ = —1 in Lorentzian signature, and € = 1 in the Euclidean. The two

theories are related by a Legendre transform which is a gravitational version of electric-
magnetic duality. Thus the bulk is dual to two possible CFT’s, depending on whether
the on-shell action is interpreted as the generator of connected correlation functions of the
stress-energy tensor or as the effective action. In the absence of matter, the operators seen
by the bulk are the correlators of the respective stress-energy tensors. Duality essentially
interchanges CFTy, with fixed source h;; and stress-energy tensor (71j;), with CFTy, with
dual source }N‘Lij and stress-energy tensor <T,]> This dual graviton has opposite parity from
the original one.

The bulk action connects both CFT’s through the coupling ([[.4). Using ([.3), the
variation ([.9) produces the Cotton tensor and the resulting term becomes of the gravita-
tional Chern-Simons type connecting both gravitons. This is the term that generates the
Legendre transformation. This is the same result as for abelian gauge fields, where the
effective action is a BF-term that defines the S-duality operation.

The two fixed gravitons are related by the S-duality operation that will be defined later,

S(hij) = —hij . (1.5)



This operation squares to minus one. It performs a Legendre transformation on the ac-
tion, and hence modifies the holographic dictionary. The usual dictionary identifies the
on-shell action with the generating functional of connected correlation functions of the
stress-energy tensor in CFTy. After S-duality, the bulk on-shell action can be defined to
give the boundary effective action of CFT5 instead.

There are mixed boundary conditions corresponding to coupling the theory to dynam-
ical gravity and integrating over the graviton. To illustrate this, let us consider a slightly
intermediate problem where the boundary theory is only coupled to Cotton gravity, and
one integrates over the conformal metrics plus other degrees of freedom of the CFT. The
mixed boundary condition corresponding to this fixes a linear combination of the boundary
metric and the stress-energy tensor of the original theory. This means adding to the bulk
action a gravitational Chern-Simons term k/47wScs (defined in appendix [C.1) and taking
the variation:

302 k s
58 = (eom) /d?’:z:\/_ <2 2900~ 1 Cij(Q)) 69", (1.6)

and recall that g(3) is the stress-energy tensor of the unperturbed Dirichlet theory, (L3).
The mixed boundary condition reads

kk?
96)ij = g2 Cij (1.7)

where Cj; is the Cotton tensor. Linearizing, the analytic continuation of the Euclidean
regularity condition (which will be derived in section 2) 5(3) = %D?’/ 271(0) gives:

_ 2 ke
1/2
=i hy = — <Z> o €i1Okh(o)j1 (1.8)

By dualizing this equation, we find that the coefficient on the right-hand side must be
+1, and hence that the coefficient of the Chern-Simons term is given in terms of Newton’s

k= +6m <£>2 . (1.9)

This value also corresponds to the gravitational instantons recently found in [f]. We will

constant as:

show that equation ([[.§) has solutions with non-trivial graviton profile. They are specified
by a single parameter, which determines the value of the action, and in that sense they
have no dynamics. The above illustrates the fact that the boundary graviton may have
non-trivial configurations.

Obviously, ([[.§) also admits £ = 0 and k = co. k = 0 is simply the unperturbed theory
with zero stress-energy tensor. At k = oo the gravitational Chern-Simons term dominates
and we get Cotton gravity, i.e. zero Cotton tensor. This sets the transverse, traceless part of
the graviton fluctuations to zero, thus getting back the Dirichlet boundary condition for the
transverse, traceless graviton. For generic k as in (@), g(3) acts as a stress-energy tensor
and the original CFT is coupled to Cotton gravity. Although the perturbation considered
here is classically marginal, we do not get a marginal line of boundary conditions, but
rather marginal points ([.9), k¥ = 0, and k = oo



(9,

Instanton solutions ([L.§) are topological, but one can get proper boundary dynamics
by considering non-marginal perturbations, if one couples the CFT to dynamical gravity.
The additional points ([.9) of the topological situation become a line and we are left with
only two “fixed points”, k =0, k = .

The degrees of freedom of boundary gravitons are then best described by two scalars ~
and 1, in the following way. It turns out that the transverse, traceless part of the graviton
can be written as:

hij(r,p) = v(r,p) Eij(p) — ib(r,p) Dij(p) (1.10)
where
pip; 1
Lij = ];*2] =51
1 ., . .
Dij =55 (P} €kt + Dy €int) PrD; (1.11)

are the two unique transverse, traceless tensors of rank two that can be constructed from
p,p*. They are each other’s duals and will play an important role in the following, as they
determine the index structure and duality properties of the metric.

The dual graviton h has the same expansion as h:

hij(r,p) = 3(r,p) Eij(p) — i1 (r,p) Dij(p) , (1.12)

and duality interchanges v < 7, 1) < .

For generic Robin boundary conditions, the coupling between the two gravitons leads
to a theory with non-zero stress energy tensor even in the absence of a source, whereas the
vev in the original theory is zero.

The content of the paper is as follows. In section 2 we give the bulk solutions that are
used later, including regularity of the Euclidean solution and the value of the on-shell action.
In section 3, mixed boundary conditions are discussed and it is shown that they give rise to
topologically massive gravity on the boundary. We solve the instanton equations explicitly
and compute the on-shell value of the action. Section 4 is the main section, where we work
out gravitational electric-magnetic duality: we show that it follows from a symmetry of the
equations of motion, show that it acts as a Legendre transformation, we construct the dual
graviton, give the bulk interpretation and we discuss holography of the mixed boundary
conditions. We find that the stress-energy tensor can spontaneously acquire a non-zero
vev. We also compute two-point functions and discuss cosmological topologically massive
gravity. In section 5 we discuss our results and give some future directions.

As this work was being completed, a nice preprint [§] appeared dealing with the first
problem mentioned before. The results by Ishibashi and Wald were found to hold for d < 4
and were conjectured to hold for higher dimensions as well, the key issue being to take into
account the counterterms that render the action finite in the definition of the symplectic
structure. Very recent related work also appeared in [{].



2. Bulk dynamics

We will solve Einstein’s equations perturbatively about the AdS; background. We take
the standard Fefferman-Graham form of the metric:

& o
ds? = > (dr? + g;;(r, x)dz’da’)
gij(rv $) = Nij + hij(rv $) ) (21)

where the metric fluctuations have the following expansion:

In four dimensions there are no logarithmic terms and one can show that the linear term
is absent. We have fixed the gauge h,, = h;; = 0. We will raise and lower indices with
nij (6;; in the Euclidean) and denote h = h;;. Einstein’s equations about the linearized
background take the form:

WLy o
T
2 1
h;,] — ; h;j + Dhij + &-8]- — aiakhjk — ajﬁkhik — ; h/nij =0, (2.3)

where the primes denote r-derivatives. We immediately find that the trace and transverse
parts of the graviton are quadratic in r,

h(?‘, LZ') = h(O) (LZ') + 7’2 h(Q) (LZ')
8jhij(7‘, LL’) = 8jh(0)ij (a:) + 7‘2 8jh(2)ij (a;) N (2.4)
and all higher-order coefficients are conserved and traceless, h,); = 9jh(n);; = 0 for n > 2.

Using this, we can rewrite the last line in (B.3) as an equation for purely the transverse,
traceless part of the graviton defined in ([C.):

_ 9 _ _

In Euclidean signature, the general solution is:

hij(r,p) = fi(r.p) ai;(p) + f(3)(r,p) bij(p) , (2.6)

where fi and f3 are the two independent solutions of the above equation written in mo-
mentum space:

fi(r,p) = cosh pr — prsinhpr
f3(r,p) = —sinh pr + prcosh pr . (2.7)

Near the boundary we recover the expansion (R.J) in the distance to the boundary:

_ 1 _ _
hij(r,p) = (1 3 pr?+- > hoyij (p) + (r* + -+ ) hayg

B(O)ij (p) = Qjj ()



- 1 -
h(2)ij(p) ) p2h(0)ij

p3

T (p) = 3 bis(p) - (2.8)

The series decomposes into two independent series with even and odd powers of 7. N
multiplies even powers and /3y multiplies the odd powers. By (IM)B h) is the holo-
graphic stress-energy tensor. The remaining non-transverse, traceful parts of the metric
are given in (D.22).

It is convenient for later use to rewrite the above in the form ([.10)) where the two in-
dependent components of the metric are made completely explicit. Demanding that ([[.10)
satisfies the bulk equations of motion, i.e. that it has the form (R.§) (or its Lorentzian
counterpart), we get the following expansion:

v(r,p) = v(®)folr,p) + 0(p) f3(r,p)
Y(r,p) = Y(p)folr,p) + x(p) f3(r,p) . (2.9)

The first and third coefficients then read:

hoyi(p) = (p) i (p) — it (p) Dig (p)
By () = 5 Ipl* (6) By (1) — ix(p) Dis(p)) - (2.10)

In appendix [B.] we give the main properties of the tensors E, D.

2.1 Regularity and on-shell action

The above Euclidean solution blows up exponentially at » = oo unless a;; = b;;, which
gives the regularity condition:

1
hsyij(r) = 3 0132k (2.11)

R
hence relating the one-point function of the dual operator to the source, as usual.
In the Lorentzian, the solution oscillates and there is no regularity condition of the

type found for Euclidean solutions:

hij(r,p) = aij(p) (cos(|p|r) + |p|rsin([plr)) + bij () (|plr cos(|p[r) = sin(lp|r)) . (2.12)

The on-shell action can be easily obtained as follows. From the definition of the stress-

energy tensor ([L.9), using h(3);(p) = f(p) h(oyij(p) for arbitrary f(p) (of which the regular
solutions (R.11) are a special case), and integrating, we get

302 - -
Son-shell = 32 Az hoyijhezy; = Wiho)] (2.13)

where gauge-dependent terms do not contribute, as can be checked using the results in
appendix D|. This expression is independent of the choice of linear boundary condition,
that is the choice of f(p); the fact that the relation is linear uniquely specifies the on-shell
value of the action up to quadratic order [[[0]. The same result is obtained expanding the
action as in [T and subtracting the divergent part with the usual counterterms [g].



3. Dynamical gravity on the boundary

One important difference between fields of spin 1 and 2, and scalar fields in AdSy, is that
the natural linear boundary conditions preserving conformal invariance involve derivatives
rather than being algebraic. Generalized boundary conditions involving derivatives there-
fore may have zero modes that propagate purely on the boundary and lead to boundary
degrees of freedom. This was first pointed out for abelian gauge fields in [[[(]; for gravity,
it was pointed out in [[J] and [§]. Instanton boundary conditions for U(1) gauge fields
involve a parity-odd operator which is linear in spatial derivatives [[[(]; instanton boundary
conditions for the graviton involve a parity-odd, dimension three operator, the Cotton ten-
sor, and they correspond to coupling the boundary theory to Cotton gravity, as explained
in the introduction. More general boundary conditions may be obtained by coupling the
theory to Einstein gravity. This will be worked out in this section and the next.

3.1 Linear boundary conditions

The simplest linear boundary condition reads:
D1/2]_7“(0)ij =4+ Eiklak}_l(o)jl . (31)

As in ([L.7), this can be obtained adding a gravitational Chern-Simons term to the action.
It may also be obtained from bulk configurations as in [ff], by considering solutions with
self-dual Weyl tensor:

1
C;u/ozﬁ = 5 €uvio CaﬁAo . (32)
Asymptotically, this leads to (B.1)).

The linear boundary condition (B.1]) can be written in terms of the curvature tensor as

_ 1

R;; = oz Cij, (3.3)

where Rij = Hijklel, and II;jz; is the spin-two projector defined in appendix C:2. Hence,
only the transverse, traceless part of the curvature is involved. We will now solve this
equation. It is useful to first rewrite it as a self-duality equation

hij = :Edij [h] (3.4)

for some operator d. One can formally give the following non-local expression for it:
2
d=——7=0C, (3.5)
(—€|:|)3/2

where C is the Cotton tensor. Notice that the operator in the denominator is positive
definite in both signatures. One easily checks that d squares to one,

?=1. (3.6)

Local expressions are obtained by multiplying both sides with the Laplacian; the above
definition, though formal, is very useful for book-keeping.



The most general self-dual solution of (B.1) then takes the following form:

hij = Eij + dij [E] s (37)

where FEj;; is a general transverse, traceless tensor. By construction, the solution is
(anti)self-dual. FE;; can be constructed uniquely up to an overall factor. This is done
in appendix [§. In momentum space, up to an overall factor it takes the form:
Sk ok
E;; = pfp; — 1
p* 2

IL; . (3.8)

In general, we may expand the graviton as

1
hoyi; = vEij + ]—9¢/€ikzpkEjz (3.9)
where p! is the transverse projection of pf = (—E,p), and II;; is the transverse projector.

3.2 Topologically massive gravity

Instanton boundary conditions give the traceless, transverse part of three-dimensional topo-
logically massive gravity, (B.1]). We can get the full topologically massive gravity by cou-
pling it to Einstein gravity with Newton’s constant 1/u. The boundary condition for the
resulting Neumann problem is:

1 302
Rijl90)] — u Cijlgoy) = = 93)ij » (3.10)

Ak
where we have used the fact that the curvature scalar is zero, R = 0. g(3);; acts here as a
source for Einstein’s equations. It is as a function of the boundary metric g determined
by the particular CFT state. At the linearized level, and in the ground state, its functional
form is given by analytic continuation from the regular Euclidean solutions (R.11]). For
general states, and at the non-linear level, the relation will differ from that.

In the purely Neumann quantization scheme the stress-tensor vanishes while still get-
ting interesting boundary dynamics. For simplicity we now set gy = 0. It is easy to check
that by virtue of R = 0 the theory is, at the non-linear level, described by a conserved,
traceless tensor —the curvature— satisfying:

1
(D + e,u2) Rij -3 (R?] - g gijTr(R2)> = 0, (3.11)
where Rfj = RikRé‘?. Later on this equation will be generalized to the cosmological setting.

3.3 On-shell action for instantons

Instantons in gauge theory have two important properties. They are topological, i.e. they
have vanishing stress-energy tensor and zero Hamiltonian; secondly, their topological class
is characterized by an integer k giving the on-shell value of the action.



Bulk gravitational instantons of the type (B.3) have similar properties as we will now
show. The self-duality equation (B.1]) imposes ¢’ = 4+ in (B.9), therefore

= 1
hoyi; = <Eij + ]_QeiklpkEjl> ; (3.12)
where the metric is (anti-)self-dual.

The on-shell action can be easily computed from the bulk up to second order in the
perturbations. Notice that for a general solution (B.9), we have

1
hoyis (P)hioyis (=p) = 5 (77 +ev'), (3.13)
where € = 1 in the Euclidean, ¢ = —1 in Lorentzian signature. The Euclidean on-shell
action is ) )
3¢ - - 4
Son-shell = 32 &% ho)i; () hgyis () = SCx K, (3.14)

with K = [ d®p|p]>¥(p)y(—p). 7 should be chosen such that this integral is finite. On
the other hand, the Hamiltonian is zero. This result is similar to the one for U(1) gauge
fields [I0 in AdSs. It would be interesting to see whether there are any topological
restrictions on the possible values of K.

4. Duality

We have shown that in three dimensions, given a stress-energy tensor (7Tj;)p, we can define
a graviton via the Cotton tensor: (T;), = Cy;[h]. A priori, this graviton does not satisfy
any dynamics but is given by the response of the one-point function in a particular state to
the fixed graviton source h;;. Given h;j, we can also construct a new conserved, traceless,
dimension three tensor using the Cotton tensor. The question is whether we may interpret
the latter as a stress-energy tensor <T,]> in some dual theory.

The interchange of h;; and ﬁij relates Dirichlet and Neumann boundary conditions
(there are also massive interpolating solutions). In this section we will first show that the
bulk symmetry interchanging h;; and INzZ-j is a duality of the electric-magnetic type, for any
value of the radial coordinate r and not only at the boundary. The magnetic variable is
the Cotton tensor, and the electric variable turns out to be the renormalized holographic
stress-energy tensor. We will explicitly show the symmetry of the bulk equations of
motion that leads to this result. Then we will show that CFT; and CFTs are related by
a Legendre transformation which allows us to identify the generating functional of one
theory with the effective action of the other under the familiar dictionary [[J, 4], thus

showing Cj;[h] = (T55).

4.1 Duality symmetry of the equations of motion

We will identify the duality symmetry of the bulk equations of motion that allows us to
define electric and magnetic components of the graviton. It will be useful to first recall the

— 10 —



case of abelian gauge fields in the bulk of AdS [[[(]. The solution of the bulk equations of
motion for a Maxwell field is:

Ai(r.p) = A(p) cos([plr) + — Ei(p) sin([plr) - (4.1)

In Coulomb gauge, the bulk electric and magnetic ﬁelds are
B;(r,x) := eijkajflk(r,x)
Ei(r,x) :== 0, Ai(r,z) . (4.2)

Given an electric-magnetic change of boundary onditions, B)(z) = —E;(z), El(z) = B;(x),
one readily checks that the bulk fields (f.9) also satisfy:

Bl(r,x) = —E;(r,x)
El(r,x) = B;(r,z) . (4.3)

This is a non-trivial property of the equations of motion. FE;(z) and B;(z) are two indepen-
dent quantities on the boundary, namely the one-point function of a holographic one-point
function of a global symmetry current, and the (curl of) the corresponding source. Their
bulk extensions ([.9) are related to each other via the first r- and boundary spatial deriva-
tives: E(r,z) = 0Oy <ﬁ * dB(r,x)). This implies B(r,z) = 0Oy (ﬁ * dB’(r,:z:)), which
holds by virtue of the equation of motion, B(r,z) = B(p) cos(|p|r)+|p|A’(p) sin(|p|r), where
the r-derivative exchanges the two oscillating branches.

In the gravity case, we need to construct bulk electric and magnetic quantities which
when interchanged give solutions of the equations of motion. It is a priori not entirely
obvious which are the correct quantities, as the electric and magnetic boundary conditions
interchange just the boundary conditions h () and fl(o). And even though these quantities
readily extend to bulk fields hi;(r,p) = fo(r,p) hyij, hij(r,p) = f3(7,p) hoyi; satistying
the equations of motion, electric-magnetic variables should belong to the same CFT.

Based on what he have already said, one may readily expect that electric-magnetic
duality exchanges the stress-energy tensor at radius r with the Cotton tensor at radius r.
Indeed, the pair ((T};), Cy;[h]), rather than (h;j, hi;), belong to the same CFT. How do we
check that this is a symmetry of the equations of motion, as in (f.d)?

The Cotton tensor has dimension 3. It is therefore natural to compare it with the
third time derivative of the graviton (where “time” is the r-direction). Writing (R.12) as

hijla,b] = ai;(p)(cos(Ip|r) + |plr sin(lp|r)) + bi; (p)(Iplr cos(lplr) — sin(lp|r)),  (4.4)
one easily finds by inspection
B b,a) = pPRyla ] 3 2 Rfa. ] (45)

This is the basic symmetry that allows to define electric-magnetic duality in the bulk. Ex-

mo_ 2 1 271 2\17\
pressing h in lower derivatives via the quations of motion, hij =5 hij —|p| hij — h,],
we get

1 1 -
— h.:la,b
o pl il

Pij [av b] (4-6)

— Eij[—b, CL] = h/ [CL b]

| |3 3 b hij[aﬂb] -

_.W

— 11 —



P;; becomes, at the boundary, the stress-energy tensor: P;;(0,p) = —3h(3). In fact, we
have for any 7:
2 2 977
(T(@))r = =55 Plr,2) = 55 bRl ), (47)

and so they differ by a local term that vanishes at the boundary. Thus, up to this finite
renormalization, Pj;(r,x) is the renormalized stress-energy tensor at radius 7.

However, @) is still not the right symmetry, which should interchange the two gravi-
tons, h(g) and h(g) instead of a;; and b;;. One easily finds

204 (Pl-d,al) = +Iphyjla,d] (4.8)

This is the form electric-magnetic duality takes in the bulk. It may be obtained as a
combination of the operation d = 2C/D3/ 2 defined earlier, and the discrete operation
s(a) = —b, s(b) = a. We will denote it by S := sd. It acts as expected:

S(hy) = —h)

S(h(o)) = +h(0) . (4.9)

We may now define the electric and magnetic variables

€2
Eij(r,x) = 53 Pyj(r, )
02 —_
Bij(r,z) = — Cylh(r, )], (4.10)

such that

&ij(0,2) = (T;;(z))

Bi;(0,x) = ﬁ—ZCij[h(O)] . (4.11)
S-duality then acts as
S(B) = =€
S(E) =48, (4.12)
and obviously S? = —1. Thus, gravitational S-duality interchanges the renormalized stress-

energy tensor with the Cotton tensor at radius r.

There is a second important possibility, which is defining B(r,z) = 2C;;[h] without
the factor of £2/k%. In that case, h and h still satisfy ({g), except the coupling ¢/x now
also transforms under S-duality as ¢'/k’ = +2k/X. This possibility of inverting Newton’s
constant was pointed out in the electromagnetic case [[L(], and in the gravitational case
in [[]. Of course, such a transformation brings one out of the supergravity regime, and

one may only trust the resulting solution if the original one is exact.
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4.2 The gravitational Legendre transformation

The analysis of Ishibashi and Wald [[] implies that, as far as boundary conditions are
concerned, the four-dimensional graviton behaves in a similar way to scalars in the range
of masses —% <m? < —% + 1 (d = 3). The one-parameter line of mixed boundary
conditions mimicks the IR flow of boundary CFT’s deformed by higher-trace operators.
The two fixed points are characterized by two CF'T’s related by a Legendre transformation.

The gravity picture is quite different because the CFT is deformed by coupling it to
gravity. However, electric-magnetic duality still relates the two “fixed points”, the Dirichlet
and Neumann problems. We will now show that electric-magnetic duality acts on the action
as a Legendre transformation. For comparison, it is useful to recall here how this works for
scalar fields. In the usual CFT with an operator of dimension AL, ¢ is the fast decaying
bulk mode whereas ¢_ is the slowly decaying mode which is fixed at the boundary. The bulk
on-shell action is holographically identified with the generating functional of the boundary
CFT as a function of this mode: Sypghen[¢—] = —W[J] with ¢_ = J. Then, up to contact

terms, we have [J]:
Oans=-2A— (a,—a)o.. (4.13)

The dual theory is then obtained by first defining the Legendre transformation [[Lf]:
Wio-6) = Wio-) + [ &% /gy 64a)o- (o) (414)

Extremizing this functional with respect to ¢_, g(% + ¢4 = 0, we get a solution ¢_ =
¢_[é+]. The dual generating functional is now defined by evaluating W at the extremum
so it becomes purely a function of ¢,

Wios] = Wio-[0:]. 6] = Wlo- ]| + [ & /i 004, (4.15)

where the right-hand side is evaluated at the extremum. Thus, the generating functional
of the dual theory is identified with the effective action of the original theory, but now
¢+ = J is fixed. The dual operator is:

—¢_ . (4.16)

In [[[Q] it was shown that for abelian gauge fields, a Chern-Simons term generates a Legendre
transformation between a theory with a global current of dimension 2, and a theory with
a dual current constructed from a dual gauge field.

The gravitational electric-magnetic analog of the above involves a gravitational Chern-
Simons term, as we show next. In the usual CFT, T}; = %% where W (g is the on-shell
bulk action. We construct the dual CF'T in the usual way:

Wig, gl = Wlgl + Vg, 3] - (4.17)

We want to calculate Vg, g]. At the extremum, % = 0, we have % 5‘;‘; = —1(T};), where
the last variation is simply a partial derivative. Linearizing and using the fact that (T;;)
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can be written as:

0 ~

{Tij) = — Cilhl, (4.18)
we get
7 €2 3 ) £2 3 )

VIh,h] = ~52 d°z h’Cm[ | = —3,2 A3z h C;; ilh] . (4.19)
Since Cj; = % .V can be rewritten as the variation of the gravitational Chern-

Simons term: 2 525eslg] -

i 3,7 CSI9] 7kl _
V[h,h] = —3,2 A3z B 22 55775q" AWM =: Scglh, h) . (4.20)
We may now define

W[h] = W[h] + V[h, h], (4.21)

where A is an extremum of the action. In the case at hand, using (R.13):

62
Wi = / &3 (o), 0% 2oy (4.22)

we get back the regularity condition h3) = % 03/ 2h(0), as we should. The latter is rewritten
as Cyj(h) = %D?’mhij. In this case, the dual functional is:

L /2 _ _
Wi = -2 / A3 gy, 0% 2hygyij - (4.23)
We can now compute the dual stress-energy tensor:
- 5W h 72
Ty =22 _ Lol (424

From ([.11]), we find that the dual stress-energy tensor is actually the magnetic field:
(Tij(x))crr, = Bij(0,2) = £;(0,2) = 5 ((Ty;(x))crr, ) (4.25)

and this definition extends in the natural way to any finite r.
The same result can be obtained by applying S-duality ({£.9) directly on the generating

functional (R.13):
W] = SOV IR = WA — / & iy O[] (4.26)

Given that the relation between the generating functionals of CFT; and CFTjy is a
Legendre transformation, and since the graviton in one theory becomes after differentiation
the stress-energy tensor of the dual theory, we may identify the generating functional of
one theory with the effective action of the other:

LTi5)(h) = ~W[h] . (4.27)

Thus, in the dual theory the holographic dictionary is modified. This modification is as in
the case of duality for spin-zero and spin-one fields in the special range of masses [, [L(].
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4.3 Non-linear boundary conditions

The analysis of boundary conditions can be extended to the non-linear theory. Generic
non-linear Neumann boundary conditions take the form:

302 2 s 1
12 93)ij = 22 Cij[g] = 1 | Rizlg] — ) 9ij Rlg]l + N gij | — Cijlg] - (4.28)

A is a boundary cosmological constant, which we will take to be positive A > 0. As we
will now show, this equation arises as a Neumann boundary condition of the bulk action
deformed by boundary terms; therefore, it should be read as determining g3 in terms of
9g(0)- It must be supplemented by a regularity condition (in Euclidean signature) or by a
specification of the state (in Lorentzian signature). These may take the form of a relation
between g3y and g(g), as we found in the linear case (see e.g. (R.11))); in the non-linear
case this relation will be very involved (see [[[7] for progress in this direction). In turn,
because ([£.29) is a differential rather than an algebraic equation, the metric g(o) satisfies a
dynamical equation. For g(3)y = 0, this is the topologically massive gravity we encountered
earlier. Thus, we modify the action with terms:

62

S = SEH+ e d*x\/g (R[g] — 2)\) — 12

Ses (4.29)

and Sgg is the bulk Einstein-Hilbert action, including the Hawking-Gibbons term and
counterterms, given in (A-]).

4.4 Bulk interpretation

The role of the Chern-Simons term ([£20), like the AB-Chern Simons terms of [1g], is
to Legendre transform a theory with stress-energy tensor (T;;) where h;; is fixed, into a
theory with stress-energy tensor (T”> where izij is fixed. From the bulk point of view, it
transforms the Dirichlet problem into a Neumann boundary problem, as we have already
seen. It is instructive to rewrite the above formulas in terms of the bulk quantities:

Zg]:L/IX%we_ﬂGh (4.30)
g

such that the metric at the boundary approaches g;;. Expanding about a flat boundary
metric, taking the Legendre transform and using (f17)-(B.21)) gives:

/Dh Z[h] eV ImH] — /Dh VIR _ W . Z(] (4.31)

where we have taken the saddle-point approximation for W/h, h], obtaining the dual func-
tional. Thus, we find

= / Dhy; 50 Z[h] (4.32)

and the gravitational Chern-Simons term indeed transforms from Dirichlet to Neumann.
This relation is of course inverted by Legendre transforming back:

Wih. B = W = Vb F) = [ Bk o / RiCLH . (433)
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SW
) - ’ §hid
oz [ hIO32h;; = Wh], so

At the extremum = 0, we again get the regularity condition, which then gives W! =

/ Dhyj e~ Seslhhl Z[j) = / Dhyj VI = W = Z[p], (4.34)
as it should.

4.5 Mixed boundary conditions

We have shown that, depending on the boundary conditions, we can interpret the same
bulk theory either as a functional Z[h], where the graviton h;; is fixed and is a source
for the stress-energy tensor (Tj;), or in terms of its Legendre transformed functional Z[h]
where the dual graviton fzij is a source for the dual stress-energy tensor. The latter equals
the Cotton tensor of the original theory, ([.24).

It was shown by Ishibashi and Wald [[] that a mixed boundary problem again gives
rise to a well-defined quantization problem in the bulk (see also [§]). It is therefore natural
to seek a generalization of the above where we replace the functional W[h] by some new
functional W[J] that depends on a source that is a linear combination of k and h:

Jij(x) = hij(x) + A hij(@) - (4.35)

Since we only want to modify the boundary conditions and not the bulk dynamics, we
have to identify W = Sgn.shen as before. However, the form of the holographic stress-
energy tensor will change, as we need to vary the action with respect to J;; not h;;. This
means that we need to modify the definition of V[h,h] as this was obtained from the
standard stress-energy tensor. We define:

W[h’ ']] = Son—shell[h] + V[hv J] . (4'36)

It is easy to check that we get ({.35) provided V[h, J] = 2,52)\ (3 h¥ — Ji3) Cy;[h):

Wih, J] = L2 h'Ci5(h) + L Ly g Cij[h]
T 2k2 2 " A\2 7
02 ~ g
- _ T p — vy _
W= o / CiylJ —h — NR] k9 — 0, (4.37)

indeed giving back ({.3H). Since we have not changed the bulk solution but only the bound-
ary conditions, h is still determined by regularity or whatever other condition is imposed on
a particular solution in Lorentzian signature. In the case of regular solutions, ({l.35) gives:

A

Jij:hij+m2

Cij[h] . (4.38)

This determines h;; in terms of the source, however not completely. There may be

zero modes )
hois + g7 2Cislhol = hoij + Adiglhol =0 (4.39)
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We recognize here the self-duality equation (B.4), and we know that its only non-zero
solutions are for A = +1. Thus, we will distinguish the cases A = +1 and A # +1.!
For any A, the dual stress-energy tensor is

5S  ~
~25— = 5= Cylh] - (4.40)

<Tij>J =
The case A = +1 and the non-zero stress-energy tensor vev. The case A\ = £1
brings us back to the instanton equation (B.4), which we solved in (B.7). In this special
case, J can be easily shown to be self/anti-self dual: J = h + d[h] implies J = £d[J]. In
turn, this implies (anti-) self-dualilty of the dual stress-energy tensor. We can solve for
h(J), getting: h = hg + % J. Setting the source to zero, we get
7 B 72 B 72 3/2
(Tij)s=0 = 5 Cijlho] = —5 5 (=€l " hoi; . (4.41)
The one-point function of the dual stress-energy tensor in CFTy coupled to gravity does
not vanish when the source is set to zero. This result is not surprising when there are two
coupled gravitons. Although by setting J;; = 0 we have removed the graviton source, hg;;
(the graviton of the original Dirichlet theory) couples to J;;. After setting the source to
zero, the theory has non-vanishing stress and shear. However, notice that by construction
the stress-energy tensor is always conserved. Also, the stress-energy tensor is zero if hg
is a conformally flat fluctuation. In CFTy, on the other hand, by construction we have
(Tij)n = 0 for any h.

The case A # 1. Now the zero-mode hg disappears and we solve for A completely in

terms of the source: )

e

J=Xd[J]) . (4.42)
The one-point function:

62

(Tij>J = _m(_&ﬂ):@/z (Ji' Y dij[J]> (4.43)

indeed vanishes if J = 0.

A further generalization of (4.3) can be achieved by introducing a mass parameter pu

and requiring:
3
Jij = h(O)z’j + E h(3)ij . (4.44)
This is analogous to the usual one-parameter family of boundary conditions that one gets
for scalar fields when the CFT is augmented by double-trace deformations. The piece we
3

now add to the action is V'[h, J] = &- f(% h?+Jh). Using regularity, we rewrite the above as

32
Jij = (1 + (e EE,)) ) hij , (4.45)

'Recently, a similar phenomenon has been found in the context of AdSs, where A = +1 was called the
chiral point [@] Here, we find extra degrees of freedom at A\ = +1.
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and again it has zero modes These are massive gravitons that satisfy (—ED)3/ 2ho+udhe = 0.
We then solve

13

h=hy+ —75——=J
"D

(4.46)

Again, the dual stress-energy tensor acquires a non-zero expectation value, even if J = 0:

146

[ = 3 e ..

whereas (Tj;), = 0, as it should.

4.6 Duality of two-point functions

Having computed the on-shell action (B.14), and taking into account the gravitational
Chern-Simons term, we obtain the two-point function of the stress-energy tensor in the
standard way:
62 3 Zp2
(T3 Tw) = = Ip|” Wijag + m EimnPrlLimpi , (4.48)
which has the standard form including the parity-odd term.
The two-point function of the dual stress-energy tensor is computed by differentiating

W[il] with respect to the dual graviton instead. For standard duality, where /¢ is inert,

W[h] was explicitly computed in ([:23). The dual two-point function takes the same
form as ([1.49).

However, as pointed out at the end of section 4.1, there is a second possibility where
the coupling transforms under S-duality as ¢'/k’ = 2x/¢. In that case, the two-point
function exhibits the behavior found from field theory in [2(] (without including the
Chern-Simons term).

All this is analogous to duality for two-point functions of spin-1 currents studied in [[L(].
In that case, it was found that full duality involves the gauge coupling as well as the #-angle.
For gravity, the analogous coupling is p. It should be straightforward to generalize the bulk
analysis for spin one to the case of spin two along the lines of [[[(] and check that under

duality Newton’s constant and the mass p mix in the way predicted from field theory in [R(].
i

4.7 Cosmological topologically massive gravity

Finally we show that the theory found in ([f:2§) can at the non-linear level be described
in terms of a massive, conserved and traceless tensor I;;. Setting the second graviton to
zero, we write:

1
Rijlg] — 5 Yii Rlg] + A gij = nCijlg] - (4.49)

It automatically follows that the space has constant scalar curvature, R = 6. Therefore
we may define a conserved, traceless tensor from the curvature as follows:

1
Lij = Rijlgl — 5 9i3 Rlg] = Rijlgl = 2A gij - (4.50)
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Notice that I;; = 0 gives maximally symmetric solutions. The equation of motion can be
rewritten as

1
Iij = — Eiklvk[jl . (451)
n
One can check that I;; satisfies
1
(O+ep®—3))1; -3 <12] -3 gijﬂ) =0, (4.52)
where Il-zj = I 1 f This equation describes a non-linear massive conserved and traceless

tensor. At the linearized level, the above equation was also found in RI] (see also [RJ]).
Linearizing, we get

1
51 = . MV ioI; . (4.53)
In De Donder gauge:
1
olij = D) Uhij + Ahiz — Agij b, (4.54)

where V761;; = 61! = 0 and (O + 4\)h = 0.

All of the above are valid for any value of A. Only for A > 0 does the holographic
analysis of the previous sections go through; for A < 0, part of the bulk has to be excised, the
new boundary having a common two-dimensional bondary with the usual AdS boundary.
We leave the study of holography in this interesting case for the future.

5. Discussion and outlook

We have shown evidence for the existence of two CFT’s with different parity being dual to
the same bulk system. This is a generic fact about gravity, and the dual graviton is always
present if the stress-energy tensor is non-zero. Therefore, we expect any gravity theory in
AdS, with conformal boundary conditions to be dual to either of two CFT’s. This type
of duality is already known for conformal matter in a fixed AdS, background, therefore
it is reasonable to expect it to hold for the coupled gravity-matter system. In that case,
the holographic stress-energy tensor satisfies non-trivial Ward identities [J], therefore only
part of it is given by the Cotton tensor. The rest of it will presumably contain all of the
dual operators present in the CFT. It would be interesting to study this in detail. The
bulk action gives the non-linear coupling between both gravitons in a BF-term.

The two gravitons found here have different parity. This is reminiscent of the situation
in [R3 where E1; requires the gravitational degrees of freedom to be described in terms of
dual fields. For all the dualities of this type found in AdSy so far, there is an embedding
in M-theory [I(, [4]. However, there is the important difference that our dual graviton is
not a bulk graviton but lives in three dimensions.

Gravity can become dynamical on the boundary of AdS, by appropriate choice of
boundary conditions. Whereas algebraic boundary conditions generically fully determine
the bulk and boundary values of the fields, Robin-type differential boundary conditions
specify the boundary values only up to zero modes. These zero modes satisfy dynamical
equations which are holographically identified with the dynamics of the boundary graviton.
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Depending on the boundary conditions, the CFT is coupled to Cotton gravity or to topo-
logically massive gravity. The results are similar to the case of deformations for scalar fields
and U(1) gauge fields. The latter is dual to the topologically massive gauge theory [[[(].
In the scalar case, deforming the action by irrelevant operators, the theory flowed towards
the IR fixed point. In the case of bulk gravity studied in this paper, boundary gravitons
are fixed in the Dirichlet and Neumann problems, which are limiting cases of the mixed
boundary conditions. Allowing general mixed boundary conditions amounts to coupling
the CFT to Einstein gravity where the graviton becomes dynamical.

We found examples where the coupling between both gravitons spontaneously gener-
ates a non-zero vev for the stress-energy tensor of CFTy coupled to gravity after the source
is removed. This background stress-energy tensor is nevertheless conserved. In CFT; cou-
pled to gravity, on the other hand, the vev is always zero for the boundary conditions
that we have considered. In three dimensions there are no conformal anomalies. However,
there are gravitational anomalies in topological theories. It would be interesting to see
whether this effect is related to the gravitational anomaly of the type discussed in [4].
Notice that the non-vanishing stress-energy tensor found here is parity-odd and propor-
tional to the Cotton tensor. It would be worth studying this mechanism in the light of
recent developments in the three-dimensional CFT [RJ, 6.

The Legendre transformation relating both theories is electric-magnetic duality, the
electric field being the renormalized stress-energy tensor and the magnetic field being the
Cotton tensor. This leads to a modification of the holographic dictionary in the dual theory,
where the on-shell bulk action can now be defined to be the effective action of CFTs.
Gravitational electric-magnetic duality in flat space and in spaces with a cosmological
constant has been discussed earlier in B3, P7]. Our approach differs from earlier works in
that we have given the holographic interpretation of the duality. For this work it is essential
that the boundary quantities are renormalized. Another crucial difference with previous
work is the existence of a dual graviton on the boundary and a dual stress-energy tensor.

Duality in the case of U(1) gauge fields in the bulk has had important applications
to condensed matter systems [R§], as it relates materials with completely different prop-
erties. S-duality has been used to make new predictions for the quantum Hall effect in
graphene 29]. One may expect duality to play an important role in the non-abelian case as
well (see [B(] where the bulk configuration was conjectured to be dual to a superconductor).
In this paper we have found the holographic dictionary for gravitational electric-magnetic
duality, and it is natural to ask which condensed matter systems it relates to each other.
In particular, it is suggested here that the two CFT’s have different parity, and it would
be interesting to understand the implications of this for the specific materials.

We end with some comments on the non-linear generalization of these results. Given
a graviton g;; we can always construct a dual stress-energy tensor using the non-linear

Cotton tensor: )
14 -
(Tij) = — Cilgl, (5.1)

which is automatically traceless and conserved. We need to answer the opposite question:
given the stress tensor (Tj;), can we associate to it a dual graviton g;;7 In other
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words, is (b)) true for any CFT? This is the case if the Cotton tensor can be inverted,
which up to zero modes is perturbatively the case around an appropriate background.
Dualizing (p.1), we get

~ ~ | | ~ ~ ~ 1 ~ S\~
e&MV(Ty;) = —OR;; + FViVili+ g ij0R+ 3R, — gy TrR* — 3 (33,-]- - gin) R. (5.2)

This equation should be regarded as determining g;;, given the left-hand side. We had
already established that, at the linear order, the above equation has solutions, given
by ([.4). The above equation now also gives the higher order terms in a systematic way.
Thus, if perhaps not unique in the presence of zero modes, g exists at the non-linear level.

Next one has to ask whether both gravitons are related by a non-linear generalization
of electric-magnetic dualtiy. For gravity in a flat background, it is well-known that there
are obstructions to such duality. It is not known whether these obstructions persist in an
AdS background.

Here we point out that the bulk Einstein-Hilbert term in ([.29) effectively acts as a
Chern-Simons coupling between ¢ and g. Indeed, using the non-linear version of ({.1§),
we find in the on-shell action:

2 I
51t = 5 / B35 Cy5) - (5.3)

Thus, the bulk produces for us a conformal, diffeomorphism invariant, local Lorentz invari-
ant and fully non-linear coupling between the two gravitons.
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A. Holographic renormalization and the Neumann problem

A.1 Holographic renormalization: Dirichlet problem

The renormalized Einstein-Hilbert action is:

SEH = Sbuik + Sau + Sct

_ 1 d+1 1 / d
=53 / d*zVG (R[G] — 2A) 5z | d'evA2K
1 2(d—1) L
— [ d Al
voes [ ovi (22 4 2L R (A1)
where 2 = 87Gn, A = —%}) and v is the induced metric on the boundary and K =
& K;;. For d > 4, further counterterms appear.
We choose coordinates
2 o
ds? = dR? 4 2/t g da’da’ = 2 (dr? + g;;da‘da’) | (A.2)
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with r/¢ = e~f/¢ and

1 l 2
K;j = 3 ORYij = 295~ 5, 9 - (A.3)
The variation of the action is:
1 g -
5(Sbulk + SGH) = 2—%2 /ddlEﬁ (KZ] — ’wa) 5%‘]‘ . (A4)
The remaining variations are
1 d—1 l 1 .
0S4 = —— [ d? — i — —— | Rij[7] — = iR oY . A5
=g [ v (T - g (Rubl - 5wk o ()

We can now compute the boundary stress-energy tensor:

(Tij) =

2 0Sem _ . <g>d—2 2 SEn
/9(0) 59%) =0 /7(e,x) V(e )

€

evaluated at r = € and taking the limit. We get:

= () [ro =k + S o (ro - S ame)| a)

In three dimensions, this gives

as it should.

B. Boundary graviton and dual graviton

In three dimensions, we may expand the graviton in terms of p;, p; and a third independent
polarization vector w;, as follows:

p;D;

- (B)

hij(r,p) = wiw; +b (pjw; +pjw;) +c (piw; +pjw;) +d (p; pj +pjpi) +epip; + ¢
There is a lot of redundancy in this expression. Obviously, ¢, d, and e are gauge parameters.
Furthermore, the b-dependent term can be removed by a shift of w;. However, this is
only useful when a single graviton is around; if there are two gravitons around, the b-term
cannot be removed.
We are interested in the transverse, traceless part of h;;:

k ook

hij(r,p) = ijx <wkwl +¢ ];*2] + bprw; + bp; wk) , (B.2)

where we have reabsorbed a(r,p) in w;(r, p) and rescaled b(r,p) by the same factor.
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wj(r, p) is a two-dimensional vector with fixed direction and arbitrary scale factor. Its
transverse part is w; = II;jw;. A convenient choice for w is one where (p;, pj, w;) form an
orthogonal basis:

wi(r,p) = Ve(r,p) vi(p)

vi(p) = v €ijKP;Dy (B.3)

and v = 1/4/ep?p*? such that v;v" = 1. Defining v = ¢ — ¢ and —itp = 2,/pbvp® and filling
it in (B.2), we get the form ([[.10).
Regular bulk solutions are obtained imposing (2.11]). Filling this in (P.§), we get:

hij(r,p) = e PI"(1 + |p|r) hij(p)
@i (r,p) = e PIM2\/1 4 |p|r @;(p)

¢(r,p) = e PI"(1+ |p|r) ¢(p) - (B4)

As we reviewed in ([.J)-([4), in three dimensions, given a conserved, traceless stress-
energy tensor, it is always possible to introduce a dual graviton hg):

h(3)ij(p) = —ip*€iprhi0)1(p) (B.5)

again a traceless transverse, dimension zero tensor. h(g);; extends to a bulk graviton

hij(r,p), defined as the Cotton tensor of the holographic stress-energy tensor evaluated
at cutoff r, (Tjj)r. h(p) has the same expansion as h):

hoyi; = () Eij(p) — it (p) Dij(p) - (B.6)

Comparing with (R.10), we get

d(p) = —%]% 5(p)

—x2

Y(p) = —éJ;Q x(p) (B.7)

in Lorentzian signature. In the Euclidean, the factors of —i are absent. Again, these
expressions extend to the bulk in the obvious way.

B.1 Properties of the tensors E;; and D;;

The transverse, traceless tensors E;; and D;; are constructed from the independent vectors
(pi, Df, €ijkpjDy) and are defined in ([L.11)). They are each others duals:

ﬁ*2
D;; = 5 €k Eji

1S9
EZ" = _ﬁTp2 eiklkajl . (B8)
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They also satisfy:

1
EyEf = 71t
—%2
k Ef(p
i 1 B . B 1 —x2
EywD; = 4—p2 (pi €jkl — pjeikl) brpr = ZF €ijkPk
1
EyEY = 5
E;D"Y =0
4o 2
DDV = < (1’_22> . (B.9)
2\p

C. Three-dimensional curvature tensors

C.1 The Cotton tensor and the gravitational Chern-Simons term

The derivation of the Cotton tensor from the variation of the gravitational Chern-Simons
action is standard. Up to a total derivative, the latter can be written either in terms of
the spin connection or in terms of the connection 1-form. We will use the spin connection
formulation, see for example [B1], B7. Writing:

Scsz—i/Tr<w/\dw+§w/\w/\w>, (C.1)
we get
6Ses = —% / Tr (6w A R) = —% / €TRR;™OTY,, = — / C5g;; . (C.2)

The last line defines the Cotton tensor,

1 1

C.2 Linearized tensors

The projector is defined as follows. The transverse part of h;; is

0;0;

1
hg; = hij — E (8i8khjk + 8j8khik) + F(‘)k@lhkl . (04)

The transverse, traceless part is now

_ 1 (9,0
hij:h;+—< ]—5,-]-)#

2 O

1 1. 00y, 1 0:0;0,0hiy 1 (0:0;
= hij— 5 @dkhyi-+0i0kha) + 5 67 a5 JD’gl ’”+5 < = —52-]-) h.(C.5)
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Explicitly, the spin-2 projector is given in terms of the spin-1 projectors:

Ik = 3 (I XT3y 4 Iy X0y — I05105)
0;0;
IL; = 6ij — ZD’ . (C.6)
Of course, it satisfies
HijmnHmnkl = Hijkl . (07)

The three-dimensional Ricci, Schouten, and Cotton tensors are then
1_- 1
5Rij = —5 Dhij + E (&aj + 5ijD) (Dh — 8k61hkl)
OR = Oh — OO hyy
1 _- 1 Oy Ok
5Pij = —5 Dhij + 16183 (h — —D hkl>
1 _
5CZ = 5 Eiklakmhjl . (CS)

The Cotton tensor depends only on the transverse, traceless part of the graviton.

D. The Lorentzian solution

We will solve the three linearized bulk equations of motion (.J) including the gauge-
dependent terms. We expand

hij(n l‘) = }_lij(rv :E) + 5ij ¢(T, l‘) + 82'5]‘(7", l‘) + ajgi(rv :E) : (Dl)
The physical part }_lij(T, x) has already been solved for. The trace ¢ and gauge parameters
%<$—1&>+§<W—ld>:0 (D.2)
r 2 r
O& — 0,04, — 20i¢' = 0 (D.3)
2 5
9iEj + 058 — - (0:5 + 05&; + 04jOkE},) + 0,00 + b <¢” - ¢’ + D¢> =0. (D.4)

& satisfy:

The derivative of (D.J) automatically gives:
O¢' =0. (D.5)

Taking linear combinations of (D.3) and filling in (D.J), we get

1
OP, = 5 0,0 (D.6)
where P, = ¢ — % Lo = ¢ — %qﬁ’ . Taking further derivatives, and after some
manipulation, we get
0ar, =0
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0; P = —§<I>(r) .
2
In these variables, (D.J) is rewritten as
3
P =-20.
2

Using ® = ®(r), taking a further derivative we get
7 1 !/
0i0k&y, = . 0;0kE}; -
We now turn to (D.4). Taking its trace, we get
2 5 5 4
29 nm_ 92 e 2 e 06=0.
2o (6= 26 ) + o - 204 300

Filling it back in, we get the traceless equation

2 2 2 1
0:&] + 056 — 3 0ij Okl — . (@'5} + 056 — 3 5ijak§l/g> +0i05¢ — 5 0;L¢ =0

Hlttlng thlS equation Wlth aj we get
" ]. " 2 ’ ]. ’ 2

Equation (D.I() gives

L PO
Ot = ~5 ¢ + 5 100
y_ 31
el = 56" +5 00

Equation (D.3) now reads

1 1
1 1
Ol = = 0;¢" + - 90
& =5 0+ 5 900

In order to solve (D.4), we decompose &;. In order to facilitate this, we define

y 2

Q=& — =&
r

Q=0¢'-2¢
T

and rewrite it as
@Q]— + ani + 5ijQ + 8i8j¢ =0.
We decompose
Qi = pia +p;b+q;

— 26 —

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)



where ¢-p=q-p* = 0. We get:
i
a = —§¢
b=20
P’ =0 (D.18)

and either ¢ ~ p or ¢ ~ ¢. The choice is immaterial. We will choose § ~ p, in that case ¢;
in the expansion of ); can be included in a. So we get from the above the solution

2

¢//__f/:0
T
2/—252 S i@
T 2
O¢p=0¢ =0. (D.19)

The solution is as follows:
o(r,z) = ¢y (z) + 3 (2)
&i(r, @) = Eoyi(@) + r*ayi(a) + r’Ee() (D.20)

where
1
Sy = 1 i b0y (%)

3
O3k = —3 b(3)
Dé(o) =0
didpy = 0. (D.21)

Hence, the full expansions of the coefficients (R.) are:
hoyij (@) = hoyij () + 6 d0) + 0i(0); + Fi&(0)i
- 1
h2yij () = h(g) () + 3 9:9;9(0)
h(g)ij (a;) = 71(3)2']‘ (x) + (5@‘ (25(3) + 8i€(3)j + 8j§(3)i , (D.22)
and of course they satisfy
h(ayii = 3%(2)@‘ =
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